Introduction
In the last few years the progress in microfabrication technology has led to an enhanced interest in transport properties of ultrasmall conducting islands coupled weakly to leads for reviews see Refs. 1-6 . Quantization of charge and tunneling through zero-dimensional states lead to many i n teresting phenomena in these systems. Adding a single charge to a small island costs the charging energy E C e 2 = L e 2 =2C L being the length scale of the island, the dielectric constant, and C the self-capacitance, and, second, the level spacing E of the single-particle states. For system lengths in the nanoscale regime, charging energies can be reached of order 1 , 10K. F or temperatures below 1 K this implies that electron transport can be completely blocked Coulomb blockade or being restricted to a small number of possible charge states. In the same way electron transport can be in uenced by the discrete level structure on the island. Especially in 2d semiconductor quantum dots the level spacing is large typically 1=10 of the charging energy.
The sensitivity to adding a single charge can be used for measurement applications, e.g. for the detection of single charges or for setting up current standards. Electronic applications are the subject of intensive research and could become of technological interest if the operating temperature of these devices can be increased. Experimentalists can use single electron phenomena as spectroscopic tools. For theoreticians quantum dots are important systems for studying models of strongly correlated systems in equilibrium or nonequilibrium. Quantum dots represent v arious realizations of generalized Kondo and Anderson models. Arrays of quantum dots can be used to model Hubbard chains.
Many phenomena in single electron devices can be understood within golden rule theory. This means that tunneling to the particle reservoirs is so weak that the spectral density of the island remains unchanged and transport can be described by classical master equations, the so-called orthodox theory 1 . A crucial assumption in justifying perturbation theory is a small intrinsic broadening of the island excitations compared to temperature T we always set k B = 1. Experimentally this can easily be achieved by using tunneling barriers with tunneling resistances R T much higher than the quantum resistance R K = h=e 2 . T h us, there exists a well-de ned experimental regime where perturbation theory can describe single-electron tunneling through zero-dimensional states 2 .
It is important to notice that a master equation with golden rule tunneling rates is a perturbative approach in the coupling to the reservoirs but not in the interaction within the island. Therefore, this approach has to be distinguished from the well-known scattering formalism 7 which can describe coherent transport through mesoscopic devices for arbitrary tunneling barriers and temperatures but is restricted to noninteracting systems. It is therefore very important to formulate theories which can interpolate between both limits. It is the purpose of this report to present a technique which is capabable of describing coherent transport through interacting islands.
There are several experimental motivations to study coherent transport through strongly interacting quantum dots. First of all there are regimes where sequential tunneling is exponentially suppressed. This happens in the Coulomb blockade regime where the current is dominated by higher order processes such as coherent "cotunneling" processes of electrons through several junctions 8 . In interference geometries where quantum dots are part of an Aharonov-Bohm ring, only higher order processes beyond sequential tunneling show a ux dependence and lead to Aharonov-Bohm oscillations 9 . Experiments can be performed in the limit where the tunneling barriers are so low that even the case of perfect transmission can be reached without destroying the e ect of Coulomb blockade. This leads to a signi cant deviation from "orthodox theory" even in regimes where sequential tunneling contributes. The spectral density of the island will be strongly a ected by the coupling to the leads, and the broadening of levels will approach temperature or level spacing upon continously increasing tunneling. In the presence of interactions the broadening can be a complicated function of energy, temperature and bias voltage. This induces strong renormalization e ects of the levels and the system parameters. For quantum dots described by one degenerate low-lying level it can even lead to new resonances in the spectral density in the form of Kondo resonances. They show u p i n v arious anomalies in the di erential conductance as function of the bias voltage.
Quantum dots with continuous level spectra are, in the two c harge-state approximation, equivalent t o m ultichannel Kondo models. Again, this gives rise to anomalous temperature dependences of the conductance as function of gate or bias voltage. By varying the level spacing, level position or using multi-dot systems an enormous variety o f i n teresting many-body systems can be realized. Their low-temperature scaling behaviour is still not known for most cases.
Here we are interested in the case where the transmission per channel of the barriers is still much less than unity so that a well-de ned description via a tunneling Hamiltonian is justi ed. One should recognize that, for large channel number, this includes the possibility of total transmission being larger than unity. Experiments in this regime have recently been performed in metallic dots with clear signs for deviations from classical behaviour 10 . Furthermore, quantum uctuations become visible by l o w ering the temperature. Especially vertical quantum dots 11 , ultrasmall metallic particles 12 or molecules 13 , are promising candidates for the observation of quantum uctuations in the weak transmission limit at realistic temperatures.
The transport theory presented here is based on a recently developed real-time diagrammatic approach 14-17 . It is closely related to path-integral methods using the Feynman-Vernon technique 18 formulated in connection with dissipation 19, 20 or tunneling in metallic junctions 5, 21 . The idea is to integrate out the reservoir degrees of freedom and to set up a formally exact kinetic equation for the reduced density matrix of the dot. The kernel of this integro-di erential equation is represented as a sum over all irreducible diagrams and can be calculated in a systematic perturbation expansion in tunneling. In this way the strong correlations on the island are fully taken into account. Furthermore, the golden rule theory, which is reproduced by using the kernel in lowest order perturbation theory, can be systematically generalized to higher orders. We will formulate an approximation for an explicit calculation of the kernel which reproduces the Landauer-B uttiker theory in the noninteracting limit but provides also a good description for coherent transport in the strongly interacting case.
2. Single-electron devices 2.1. MOTIVATION: THE COULOMB BLOCKADE MODEL In this section we discuss the basic physical properties of quantum dots. We i n troduce a simpli ed model and discuss the conditions for various energy scales when Coulomb blockade phenomena and tunneling through zero-dimensional states are observable.
We consider a small island containing interacting electrons in a uni- The length scale L of the island is typically of order 0:1 , 1m. This is large compared to atomic scales and it is possible to couple the island to macroscopic voltage sources. On the other hand, the system size is so small that single charge-transfer processes can be measured on a meV voltage scale. Adding one single charge to the neutral island will cost a charging energy E C e 2 = L 0:1 , 1meV 1 , 10K where we h a v e assumed 10 for typical semiconductor quantum dots. The level spacing E k F L 2,d h 2 2 =m L 2 de nes the second energy scale for adding one electron. Here, k F is the Fermi wave v ector, d the dimension, and m the e ective electron mass. To a c hieve E1K, one has to reduce the dimensionality or use smaller system sizes. For a 3d metallic system with Fermi wave length F 10 A, one needs L 10nm. F or a 2d electron gas it is su cient to take L 100nm. F urthermore, the level spacing is increased in systems with small e ective mass.
We start with an analysis of the concept of charging energy. T o calculate the electrostatic work E pot to build up an arbitrary charge distribution on the island we use the so-called Coulomb blockade model. It means that the island is treated like a metal, i.e., the electrostatic potential on the island is assumed to be homogeneous. For 3d metallic systems this is usually a good approximation except for system sizes L smaller than 10nm where the Thomas-Fermi screening length T F = F a B = 8 1=2 starts to become comparable to L and the potential is no longer homogeneous over the island.
In 2d semiconductor quantum dots there is no exponential screening and the screening length is given by the Bohr radius a B . Here it depends on the particle number and the distance to the gates whether the Coulomb blockade model can be used.
Within the capacitive model the electrostatic work E pot Q to build up the total charge Q on the island is given by E pot Q = R Q 0 dQ 0 V Q 0 , where V Q is the electrostatic potential of the island for given island charge Q. It depends on the xed voltages V i , i = L; R; g, of the metallic reservoirs and follows from C i V i , V = Q i , where Q i is the screening charge on capacitor i see Fig. 1 for notations. Using ,Q = Q L + Q R + Q g together with the de nitions C = C L + C R + C g and q x = ,en x = P i=L;R;g C i V i , we obtain V Q = Q + q x =C and thus E pot Q = eN = E C N , n x 2 ; 1 where we h a v e added the irrelevant constant E C n 2 x . The charging energy E C is given by E C = e 2 =2C. For typical lengths L 0:1 , 1m and a dielectric constant 10, the capacitance is of order C 10 ,16 , 10 ,15 F.
The system tries to minimize its electrostatic energy. Therefore, the integer particle number N tends to be as close as possible to the continuous variable n x . As a consequence, the particle number on the island can be controlled in discrete units by v arying n x via the gate voltage V g . F or half-integer values of n x , t w o adjacent particle numbers N = n x 1=2 lead to the same electrostatic energy and transport is possible. Away from the degeneracy points, transport is suppressed up to smearing due to temperature, bias voltage and quantum uctuations. This is the phenomenon of Coulomb-blockade.
So far we h a v e considered only the Coulomb i n teraction. The total energy E of the island is given by E = X k kD n kD + E C N ,n x 2 ; 2 where jkD are single-particle states of the dot with occupation n kD and energy kD . k is the wave v ector numerating the states. Furthermore, the total excess particle numb e r i s g i v en by N = P k n kD , N 0 , where N 0 is the number of electrons on the neutral island. If the particle number increases from N to N + 1, the ground state energy changes by the amount Figure 2 .One-particle excitation energies of the Coulomb blockade model. For simplicity it is assumed that the level spacing is a constant. If an excitation N falls into the window of the electrochemical potentials of the reservoirs, transport can occur. The position of N depends linearly on the gate voltage Vg.
It describes a oneparticle excitation energy of the island corresponding to a transition between ground state energies with di erent particle numbers. The quantity N can also be regarded as the de nition of the electrochemical potential of the island. Of course there are other excitations involving excited states, which become important if the level spacing Eis smaller than temperature or bias voltage.
We are now able to set up the conditions when transport is possible. In Fig. 2 we h a v e shown an energy pro le of the double barrier structure indicating all electrochemical potentials of the reservoirs and the excitation energies of the island. For constant level spacing E, all excitation energies are equidistant = N +1 , N = E+ 2 E C . F urthermore, their absolute position can be shifted linearly by the electrochemical potential g = eV g of the gate @ N =@ g = C g =C. I n l o w est order perturbation theory in the tunneling barriers, energy conservation and the Pauli principle restrict tunneling. This means that one of the excitations N has to lie within the window of the electrochemical potentials of the reservoirs R N L .
F or nite temperatures, this condition has to be ful lled only within the smearing de ned by the Fermi distribution function. If no excitation lies between R and L , transport is suppressed. Thus, in order to observe a signi cant modulation of the current as function of the gate voltage, we need T;eV=eV L ,V R which implies T;eV E or T;eV E C .
The rst condition guarantees transport through zero-dimensional states, whereas the second one implies the occurence of Coulomb-blockade phenomena.
Within golden rule theory it is su cient to consider the excitation spectrum of the isolated dot as shown in Fig. 2 . This means that we h a v e neglected so far the fact that the spectral density of the dot itself can be changed by the presence of the reservoirs. Due to the nite life-time of the excitations there will be a corresponding broadening h= and via Kramers-Kronig also a renormalization. We denote the temperature where the renormalization becomes signi cant b y T K and call it "Kondo temperature" since the model is similiar to Kondo and Anderson models. The broadening and renormalization has two important consequences. First, in the low-temperature region where T h= or T T K , golden rule theory breaks down, higher order processes become important and nonperturbative methods have to be applied. This is the region where quantum uctuations are important but single-electron tunneling still persists. Secondly, if the broadening h= approaches the spacing of the excitations, single electron phenomena will no longer be visible. This is the regime of strong tunneling. is, up to a conventional factor 1=4 2 , the dimensionless conductance of a single barrier, and Z the number of transverse channels. R K = h=e 2 is the quantum resistance and G T = 1 =R T = Ze 2 =hjtj 2 the tunneling conductance of a single barrier. For N E C T;eV, the broadening is given by h= 0 E C h=R T C which agrees with the classical relaxation time for a charge on a capacitor in a RC-circuit. Single electron phenomena persist if the broadening h= is much less than the distance E C between the excitations. This is ful lled for 0 1 or, equivalently, Z, E.
In contrast to the case of large level spacing, this condition is not automatically ful lled for large tunneling barriers. For large transverse channel number Z, 0 can be of order unity e v en if , E. This is the regime of strong tunneling where quantum uctuations are enhanced by l o w ering the tunneling barriers. When the condition 0 1 is ful lled, single electron phenomena are visible, but, due to renormalization of charge excitations, golden rule theory again has to be improved in the low-temperature regime see section 4.4.
HAMILTONIAN AND CURRENT OPERATOR
In this section we will set up the Hamiltonian and the current operator. We distinguish between two di erent cases: Quantum dots with discrete quantum states and metallic islands with a continuous single-particle spectrum.
We use the convention h = k B = 1 and e 0.
Quantum dots
We consider a small island coupled to several metallic reservoirs and to an external heat bath. The bath can be represented by a n e n vironment o r b y internal bosonic degrees of freedom like, e.g., phonons or plasmons. For the general theory we need no assumption for the island Hamiltonian and include the possibility that the voltages on the reservoirs are time-dependent. The coupling to the reservoirs includes an electrostatic interaction as well as tunneling of electrons through high barriers. Let us rst state the obvious form of the Hamiltonian and the current operator. For the interested reader, the explicit derivations are presented at the end of this section. For the reservoir Hamiltonian H R t w e take a noninteracting Fermi liquid with perfect screening properties like in an ideal metal H R t = P kr r k a y kr a kr + e P r V r tN r , where V r t is the electrostatic potential of reservoir r, andN r is the particle number operator.
Tunneling between reservoirs and island is described by H T t = with all other parts given as in the previous section. Secondly, w e separate the charge degrees of freedom of the island described by N from the degrees of freedom describing how the particles on the island are distributed among the single particle states described by n D k . Furthermore we x t h e distribution function on the island by a F ermi distribution. These approximations are justi ed since the time scale for the change of the distribution function is much larger than the time scale for the variation of the total particle number. To formulate this more precisely we enlarge rst our Hilbert Following the previous section, we drop from now on all bars and identify A A = UA U y for all observables A. F urthermore, using the analog derivation to the quantum dot case, we obtain for the tunneling current operatorÎ 3. Real-time transport theory 3.1. GENERAL CONCEPT In this section we will explain the general structure of the theory without going into details of technical derivations. The full microscopic approach together with explicit expressions for various quantities introduced here will be presented in the next section 3.2.
The following considerations refer to the quantum dot case but hold as well for the metallic island by the replacement of dot states by c harge states formally D ! C, s ! N.
The tunneling part H T t describes the coupling between the environment reservoirs and heat bath and the dot. It will drive the dot system out of equilibrium. For t t 0 , w e assume H T t t o v anish, and the environment to be in equilibrium. This means that the initial density matrix can be written in factorized form t 0 = eq R eq BP t 0 , where eq R eq B is the grandcanonical equilibrium density matrix of the environment, andPt i s t h e reduced density matrix of the dotPt = Tr RB t with Tr RB = Tr R Tr B being the trace over the reservoir and heat bath degrees of freedom.
At time t 0 we switch on the tunneling between dot and reservoirs. For t 0 ! , 1 this is performed adiabatically. Our rst aim is to study the time evolution ofPt. This will be performed in section 3.2 by i n tegrating out the reservoirs and the heat bath with the result of an e ective theory in terms of the dot degrees of freedom. We will obtain the formally exact kinetic equation where P ss 0 t = s ĵ P t j s 0 . The second term on the l.h.s. of this equation is a ow term which describes the time evolution of the density matrix in the absence of tunneling. This is not a dissipative source and, in the absence of tunneling, would lead to a coherent time evolution of the dot. Dissipation is described by the r.h.s. of Eq. 18. It forces the dot to approach a stationary state and is due to tunneling.
The kinetic equation 18 can be written in a more familiar and transparent form by eliminating the nondiagonal matrix elements of the probability distribution. We h a v e obtained the structure of a master equation with a gain and loss term on the r.h.s.. The kernel ss 0 t; t 0 can be interpreted as a generalized and formally exact transition rate from the state s 0 at time t 0 to the state s at time t. In second order in H T , w e obtain the lowest order expression for the rate but for arbitrary time-dependent situations. In the asymptotic limit t 0 ! , 1 it reduces to the golden rule rate when integrated over the time di erence t , t 0 see at the end of this section and section 4.1.
In the context of Coulomb blockade phenomena, this term is called the transition rate of "sequential tunneling". It corresponds to the physical situation where all tunneling processes are incoherent. The next term, which is of forth order in H T , is called the cotunneling transition rate. It means that at least two tunneling processes are correlated allowing for coherent transport through the dot from one reservoir to the other. The higher order terms contain processes where the electron tunnels coherently back and forth between the dot and the reservoirs. We will see in section 4 that this can lead to renormalization and broadening e ects. Except for special systems which are exactly solvable see section 4.2 for an example, it is not possible to calculate exactly. H o w ever, we will at least formulate a systematic and very general approximation in section 3.2 which will be applied to speci c examples in section 4. We call the kernel ss 0 t; t 0 within this approximation the resonant tunneling transition rate.
For the special case of a diagonal density matrix P ss 0 t = ss 0 P s t, the kernel is given by ss 0 t; t 0 = ss;s 0 s 0 t; t 0 . As we will see in section 4, there are special systems with the property thatP t will be diagonal for all times t if it is diagonal at the initial time t 0 . T o give a concrete example we note the following property o f P ss 0 t which follows from particle number conservation P ss 0 t Ns;N s 0 , which is ful lled for all times if it is ful lled initially. Here, N s = s ĵ N j s denotes the particle number on the dot for state js . This follows directly from the de nition P ss 0 t = s j Tr RB tjs 0 and the fact that the total particle number N tot = P r=L;R N r + N is a conserved quantity. T h us, for metallic systems, we nd P NN 0 t = NN 0 P N t if this property holds initially. A similiar proof can also be given for quantum dots with a single spin 1=2 state where spin conservation can be used see section 4.3.
Another quantity o f i n terest is the tunneling current given by the average of the corresponding operator I tun r t = Tr t I tun r t. Inserting the form 9 or 17 for the operator and again integrating out the reservoir and heat bath degrees of freedom, we will show in section 3.2 that the tunneling current can be written as I tun r t = , e where we h a v e already eliminated the nondiagonal elements. The physical interpretation of 21 is very obvious. To obtain the tunneling current at time t, one has to multiply the current rate P s r ss 0 t; t 0 , corresponding to the sum over all processes starting at t 0 in state s 0 and ending at time t in any state, with the appropriate initial probability P s 0 t 0 and nally integrate over all initial times t 0 and sum over all initial states js 0 . The index r indicates that during these processes the particle number in reservoir r has changed. As a minor remark we note that, just for formal reasons, only the sum over s of r ss 0 t; t 0 is allowed to be interpreted as the current rate. The current rate includes all possible processes, i.e. the change of the particle number in reservoir r can take a n y v alue. Therefore it is natural to decompose the current rate in the form If the period T is much smaller than the characteristic memory time of the kernels, the n = 0 component o f n ss 0 t , t 0 will give the most dominant contribution to 19. The reason is that, for n 6 = 0, the factor e in t 0 will oscillate very strongly for t 0 varying on a range For time-translational invariant systems, the kernels depend only on the relative time argument t , t 0 and Eqs. 26-27 hold exactly. for large channel number, the loops will contain the minimal number of vertices, i.e. they have the form of Eq. 31. Experimentally, the channel number is usually of order 10 3 .
Eq. 32 can be written in a more explicit form if we assume a constant density of states D in the island, take tunneling matrix elements of the For the quantum dot case, we get a minus sign for each crossing of contractions due to Fermi statistics. Diagrammatically, a contraction between reservoir eld operators is indicated by a dashed line see Fig. 3 . The direction of the line is chosen in such a w a y that it leaves the vertex where a particle is annihilated on the dot. The time argument of this vertex has to be chosen as the second time argument of the functions and , i.e. . This means that we can assign a certain dot state to each segment of the Keldysh contour. However, for more general dot Hamiltonians, which include transitions between the dot states js , one has to use the above description in terms of the dot evolution operator. Without heat bath we obtain the usual Tien-Gordon theory for the n = 0 F ourier-component 29 .
We can now proceed to derive the kinetic equation 18. Looking at an arbitrary diagram we distinguish between two di erent time segments. There are "free" time segments in the sense that a vertical line drawn through the diagram will not cut through any reservoir or boson line. These parts correspond to the free evolution of the density matrix of the dot without any coupling to the external environment. All the other time segments are "irreducible", i.e. a vertical line cuts either through a reservoir or a boson line. They re ect the in uence of the environment. We denote the sum of all irreducible diagrams by the kernel s 1 s 0 1 ;s 2 s 0 2 t 1 ; t 2 , with arguments as shown in Fig. 4 . The summation of sequences of irreducible blocks with free parts in between can be written in the style of a Dyson equation see Figure 5 .The Dyson-like equation for the probability distribution. includes all irreducible diagrams in the sense that any v ertical line will at least cut one reservoir or boson line. To calculate the tunneling current, we h a v e to replace the projectorP s 0 s in 29 by the tunneling current operator 9 quantum dot case or 17 metallic island. This means that the rightmost vertex of each diagram will be the tunneling current v ertex which has the same structure as the other tunneling vertices from H T . Therefore, the rst irreducible block r to the right is part of the total kernel which e n ters the kinetic equation.
Here r is the index for the reservoir for which w e w ant to calculate the tunneling current. Accounting correctly for the sign of the tunneling current vertex, we nd immediately that r is that part of , where the reservoir line attached to the rightmost vertex corresponds to reservoir r and is an outgoing ingoing line if the rightmost vertex lies on the upper lower propagator. The other irreducible blocks which follow r to the left are identical to . Thus, after summing over all sequences of which gives the probability distribution P, w e obtain 21. The proof of 22 requires some more technical considerations and can be found in 17 .
For a given model it is straightforward to calculate the lowest orders of the kernels and r . H o w ever, as we will see in section 4, renormalization and broadening e ects due to quantum uctuations can only be derived by considering an in nite series of higher order diagrams. We select this series by allowing the total density matrix to be nondiagonal with respect to the reservoir states up to a certain degree. For this let us disregard the bosonic heat bath and consider rst the lowest order contribution to the kernels. This is the contribution to the sequential tunneling or golden rule rate and consists diagrammatically of one single reservoir line. An example is shown in Fig.6a . If the reservoir eld operator at the tunneling vertices is a y kr , we see that one hole in reservoir r is present on the backward propagator whereas the forward propagator remains unchanged we use the states to the left of the diagram as reference. This means that we are considering a matrix element of the total density matrix which is o diagonal up to one hole excitation. If we consider all diagrams in lowest order, we nd that sequential tunneling can be characterized by o diagonal elements up to one hole or one electron excitation. This shows that the density matrix tries to be as close as possible to a diagonal matrix with respect to the reservoir states. Therefore it is natural to improve sequential tunneling by considering the next possibility of nondiagonal matrix elements, namely those which are o diagonal up to one electron-hole, electron-electron or hole-hole excitation. An example is shown in Fig.6b . It shows that this approximation can be characterized diagrammatically by the condition that any v ertical cut can cut at most two reservoir lines.
Without the heat bath it can be shown that the sum over all diagrams within this approximation can be written in the form of a self-consistent integral equation. For special models this integral equation can be solved Σ r ss' r+ (t,t') = 
Applications
In this section we will describe several applications using the formalism we have developed in section 3. We start with two w ell-known limits which are standardly used in the literature to describe most of the experiments dealing with transport through small devices: golden rule theory sequential tunneling and the noninteracting case Landauer-B uttiker theory. Golden rule theory treats the tunneling in lowest order whereas interaction e ects are incorporated in all orders. The noninteracting case disregards interaction e ects whereas the tunneling is treated in all orders. In section 4.3 we describe resonant tunneling in a quantum dot with large charging energy and two possible spin excitations, and in section 4.4 resonant tunneling for the in nite-Z metallic island in the two state approximation. Here tunneling is considered in all orders within the resonant tunneling approximation set up in section 3, and interaction e ects are taken fully into account. Without heat bath and using the Coulomb blockade model for the quantum dot, the stationary current has been calculated from these rates in Ref. 35 .
Let us discuss some limiting cases which are usually treated in the literature. As discussed in section 3, we can restrict ourselves to the DC- where we used 40 together with 33. Eqs. 48-51 are the usual golden rule rates which are standardly used in the literature. In the presence of time-dependent v oltages and the heat bath they have to be convoluted with the probability function P r P This expresses energy conservation from golden rule and the Pauli principle as already explained in section 2.1. and illustrated in Fig. 2 . The master equation with golden rule rates has been studied extensively in the literature. We mention Ref. where we h a v e already usedP s 0 +P s 1 = 1 and omitted an overall constant. This form is equivalent to the above Hamiltonian since we can identifŷ P s 0 s 1 = c, js 0 = j0 , js 1 = j1 , T r k;s 0 s 1 = T r k , and = E s 1 , E s 0 . This means that there is a well-de ned limit where an interacting quantum dot can e ectively be described by a noninteracting Hamiltonian 36 . However, in a realistic situation degeneracies of excitations can hardly be excluded due to spin and orbital e ects, at least in the absence of high magnetic elds. It is only this case where interaction e ects really become important and will change the qualitative behaviour of the noninteracting case completely in the whole temperature regime see section 4.3.
The nonequilibrium problem corresponding to the Hamiltonian 52 has been solved exactly by many authors. We mention the Landauer-B uttiker formalism 7, 22, 37 , Keldysh technique 36, 38 , equation of motion methods 31 , and golden rule theory with lorentzian broadening of the energy conservation 35 . Here we will rederive the solution by using the resonant tunneling approximation which turns out to be exact in the noninteracting limit. We only show the analytical result here. For the technical details the reader is refered to Refs. 17 .
We rst introduce the quantities r ! = r ; 01;10 ! which are, up to a factor 2, identical to the golden rule tunneling "in" and "out" rates given In the numerator of Eq. 54 we recognize the golden rule transition rates. The denominator describes a renormalization and a broadening of the dot excitation energy by the real and imaginary part of !. We get
where , = P r , r and P R denotes a principal value integral. The renormalization and the broadening are independent of temperature and bias voltage. This is the reason why quantum uctuations in noninteracting systems do not result in anomalies in the zero-temperature limit. Furthermore, for nearly constant density of states in the reservoirs the energy dependence of ,! i s w eak. This results in a small renormalization and a nearly constant broadening.
If , is energy independent w e h a v e = i , = 2 and = 2 =,. We obtain 10 has a lorentzian form with half-width ,. If we replace this function by a Dirac delta function we w ould obtain the golden rule theory. This result expresses a very important feature of noninteracting systems with constant ,. One can just use elementary golden rule theory and obtains the exact solution by smearing out the energy conservation by ,! It is remarkable that this property e v en holds when time-dependent elds are present 35 . It is basically due to the fact that the broadening of the dot excitation energy is a constant and does not depend on energy, temperature or bias voltage. We will see in the next section that the behaviour is very di erent in interacting systems. i.e. the line shape saturates at zero temperature to a lorentzian form re ecting the energy dependence of the transmission probability. F or the special case of two reservoirs which couple symmetrically to the dot, the height of the resonance is given by the quantum conductance e 2 =h. Compared to the incoherent limit we see that quantum uctuations tend to suppress the conductance and broadens the line shape. The latter behaviour will also be obtained qualitatively in the interacting case described in the following sections. However, we will see that the line shape has no longer to be symmetrically, there can be logarithmic temperature or bias voltage dependences of peak position, peak height and broadening, and we will nd interesting anomalies for the di erential conductance as function of the bias voltage. All these features are completely absent in the noninteracting case, since the renormalization and broadening of the dot level have n o interesting structure. The role of the dot is here taken over by the role of a local impurity with one single spin 1=2 state. U is the on-site Coulomb repulsion and takes over the role of the charging energy. Since U is assumed to be large, double occupancy of the impurity level is suppressed and only the three states j0 , j " , and j are possible. They are identi ed with the states js 0 , js " , and js , corresponding to the Hamiltonian 62, respectively. This gives c P s 0 ;s , and we can see that the two Hamiltonians are equivalent.
The signi cance of this equivalence lies in the fact that it is known from equilibrium theory that the Anderson model reveals a very interesting lowtemperature behaviour. For degenerate energies = " = and in the Kondo regime , ,, the system shows resonant transmission at zero temperature although the level position is far away from the Fermi level de ned at zero energy. The reason is that the transmission probability develops a Kondo resonance at the Fermi level for temperatures below the Kondo temperature T K U, 1=2 exp =, 28, 39 . The height of this resonance increases ln T K =T and saturates for very low temperatures.
At zero temperature the Kondo resonance is decreasing when the level approaches ,, from below since the system leaves the Kondo regime.
However, for experimentally accessible temperatures, the Kondo resonance is only visible for , , due to the exponential dependence of the Kondo temperature on . This is the cross-over from the Kondo regime to the mixed valence regime and corresponds roughly to the optimal value for the height of the resonance at the Fermi level.
The idea to test these features by measuring zero-bias anomalies of the di erential conductance has a long history and many experiments have been performed 40 . The disadvantage here is that the current is measured through an ensemble of impurities and the control over physical parameters like coupling constants or impurity level positions is weak. Therefore the idea was formulated to test such features by measuring the conductance through quantum dots 41 . Various calculations were performed for the di erential conductance as function of the bias voltage 42, 43 with the result of a zero-bias anomaly in the form of a maximum in the Kondo regime. It was predicted that the Kondo resonance splits by an applied bias and is shifted by Zeeman splitting 43 . The latter leads to a splitting of the zerobias maximum. These features have been observed experimentally by Ralph & Buhrman 44 . They measured the di erential conductance through single charge traps in a metallic quantum point contact. Although this system does not allow a controlled variation of the level position, the appearance of a zero bias maximum with a peak height v arying logarithmically with temperature clearly demonstrates the mechanism of Kondo assisted tunneling. A detailed comparism of the line shape between experiment and theory can be found in Refs. 17, 45 . The in uence of external time dependent elds or bosonic environments was studied in Refs. 16, 17, 46 with the result of side band anomalies in the di erential conductance and pump e ects. A closer investigation of the zero-bias anomaly reveals a cross-over of the zero-bias maximum to a zero-bias minimum by shifting the level position of the dot through the Fermi level 16, 17 . Further studies of the Kondo e ect in quantum dots involve the AC-conductance in linear response 47 and Aharonov-Bohm oscillations 9 .
To understand some of these results let us apply the resonant tunneling approximation. It can be evaluated analytically for the degenerate case which w e will consider from now on. First we note that due to spin conservation the reduced density matrix of the dot is diagonal once it is diagonal at the initial time. The solution is identical to the one for the noninteracting dot, given by 54 and 55 for the transition rates and 57 and 58 for the tunneling current, but with an important c hange of the de nition of r ! = 2 + r ! + , r ! . The golden rule tunneling in" rate + r has to be multiplied with a factor 2 since there are 2 possibilities for an electron to tunnel onto the dot. Adding the golden rule tunneling "out" rate , r , we obtain r which is an estimate for the inverse nite life-time of the dot excitation. This is expressed by the imaginary part of ! which is given by I m ! = , P r r ! = , 1 2 P r , r ! 1 + f r !. We see that the broadening depends now on the Fermi functions and is therefore energy, temperature and voltage dependent. When energy increases the broadening decreases, i.e. we expect quantum uctuations to become weaker if we increase .
From the Kramers-Kronig relation we h a v e necessarily also a renormalization which i s g i v en by the real part of !. We obtain where is the digamma function and we h a v e c hosen a lorentzian form for , r ! = , r E 2 C = ! , V r 2 + E 2 C . The cut-o will be of the order of the charging energy E C since we do not allow for two electron to tunnel onto the dot. For T j V r , ! j E C , the renormalization depends logarithmically on energy Re ! 1=2 P r , r ln E C =j V r , !j. This leads to a logarithmic increase of the renormalization when ! approaches the e ective potentials e V r of the reservoirs. As a consequence the transmission probability 58 has a maximum near ! e V r since there is a solution of ! , , Re where the line shape is symmetric. It shows up already in the high temperature regime and can be calculated also from the golden rule approach.
The assymmetry was rst predicted by Beenakker 30 but has never been identi ed experimentally.
In the coherent regime T ,, the real part of ! becomes important.
As already mentioned above, the resonance of the transmission probability at the Fermi levels is only signi cant for T r kl t = T r kl exp ie V r t , t 0 . This Hamiltonian looks very similiar to 53 where we considered a quantum dot with one excitation energy. H o w ever, the important di erence here is that the vertex a y kr a lD leads to bosonic contractions in the in nite-Z case whereas in 53 we had to deal with fermionic contractions. Therefore, the resonant tunneling approximation does not turn out to be exact here. We obtain the same solution as in the fermionic case but with the replacements , r ! ! 2D r ! , e V r , f r ! n r , r ! r , and r ! r = + r + , r , where D r ! = r 0 ! and r = 1 =D r ! , e V 0 r n r ! follow from 33 and 40. The tunneling current is given by 57 but the Fermi functions in this expression are replaced by Bose distributions. Using 58 together with the above mentioned replacements, and performing some elementary manipulations, we can rewrite the current a s I r = e=h since the number of available states for tunneling on or o the island is also proportional to energy. In contrast to the interacting quantum dot in the previous section, the renormalization is zero for ! V r . Therefore, no additional resonances occur here for the transmission probability but we still have a logarithmic shift of the excitation energy 0 . The renormalization of 0 is determined by nding the maximum of the transmission probability 67 which is approximately determined by solving the self-consistent equation 0 = 0 + R e 0 . In a rst approximation we use 0 for the value of ! inside the -function of the real part of given by 68. For ! E C we obtain ! , 0 , Re ! = Z , 1 We note that 0 is the dimensionless conductances of a single barrier. For the derivation we h a v e used the asymptotic expansion z = ln z, v alid for jzj ! 1 . The renormalized parameters follow from 0 = Z 0 and r 0 = Z r 0 . These equations agree with the renormalization group results performed for the equilibrium case V r = 0 48 . This shows that the leading logarithmic terms are included within the resonant tunneling approximation. However, we h a v e a c hieved more than renormalization group here since we do not need all the approximative steps used so far. We can handle all intermediate regimes for the three energy parameters described before and can account for the broadening of the charge excitations by not neglecting the imaginary part of~ in 70. The latter can be estimated to be of the order h= Im 0 . Within the same limits discussed before this gives h= ~ 0 maxj 0 j; 2T;jeVj=2 compare with the discussion in section 2.1. We see that broadening e ects start to become important for~ 0 0:1 which means that they can only be enhanced by l o wering the tunneling barriers. Renormalization e ects become signi cant for maxj 0 j; 2T;jeV j=2 E C e , 1 = 2 0 . This means that they can be en- by the Coulomb blockade. We see that due to quantum uctuations, the di erential conductance is no longer a constant at the symmetry point but decreases logarithmically with bias voltage or temperature. We note that the qualitative e ect of quantum uctuations is again a suppression of the di erential conductance like i t w as the case for quantum dots. It is not suprising that the di erential conductance for the noninteracting quantum dot case saturates at low temperatures whereas it decreases for the metallic island since the temperature dependence of the golden rule results are already di erent for the two cases.
The broadening of the line shape of the di erential conductance can be estimated by noting that the integral of G 0 o v er 0 is not in uenced by quantum uctuations and can be calculated to be R d 0 G 0 R T = 1=3jeV j for T j eV j, and R d 0 G 0 R T = 2 = 8T for jeV j T .
T ogether with the value at the symmetry point w e conclude that quantum uctuations lead to a broadening that increases logarithmically with bias voltage or temperature if we measure 0 in units of jeV j or T. Both features, the logarithmic decrease of G 0 = 0 and the logarithmic increase of the broadening with bias voltage or temperature is demonstrated in Fig. 9 . In Fig. 9b we furthermore observe a splitting of the resonance due to nonequilibrium e ects and a shift of the individual resonances due to quantum uctuations. The logarithmic decrease of G 0 = 0 h a s been observed experimentally 10 with a good t to the theoretical predictions 49 .
Conclusions
Within this paper we h a v e analysed a very fundamental problem of statistical mechanics, namely the interaction between a large environment and a small mesoscopic system. To describe experimentally realizable systems, we concentrated on particle exchange via tunneling and energy exchange by considering a uctuating voltage. For the environment w e h a v e c hosen metallic electronic reservoirs with di erent electrochemical potentials, and the system was realized by a strongly interacting quantum dot. Macroscopic systems being in equilibrium with large particle reservoirs are described by a grandcanonical ensemble. For a mesoscopic system we h a v e to consider the following new aspects. First, the energy scale associated with the coupling between system and environment can be so large that quantum uctuations lead to a complete deviation from a grandcanonical ensemble. In macroscopic systems, the coupling to the environment is always a surface e ect which can be negleted in the thermodynamic limit. Second, the en-ergy scale characterizing the distance between the one-particle excitation energies of the system can be so large that the discreteness of the density o f states becomes visible on experimentally controllable voltage scales. This demands the consideration of nite size e ects and strong capacitive interactions. Third, the nonequilibrium stationary state induced by di erent electrochemical potentials on the reservoirs can no longer be described by a local equilibrium distribution. Therefore, we h a v e aimed at presenting a nonequilibrium theory which provides a nonperturbative analysis in the coupling between an environment and a strongly correlated nite system.
We h a v e demonstrated that the measurement of the di erential conductance G as function of the gate voltage V g or the bias voltage V can reveal all aspects decribed above. The discreteness of the dot excitation spectrum leads to resonances in GV g separated by the sum of level spacing and charging energy. Strong nonequilibrium e ects can be observed by comparing the line shape of an individual peak for V = 0 and T = 0 .
E.g. for a metallic island we h a v e shown these two cases in Fig. 9 where a splitting of the resonance occurs at nite bias voltage. Quantum uctuations set on by l o w ering temperature or increasing tunneling. Without spin degeneracies, they lead to a renormalization and broadening of the excitation energies of the island. Whereas for noninteracting systems the e ects on GV g are already well-known from Landauer-B uttiker theory, the presence of interactions can lead to an anomalous temperature dependence of height, broadening or position of the resonances. This is demonstrated in Fig 9 for the case of metallic islands. For spin degenerate excitation energies quantum uctuations can create zero bias anomalies of GV at xed gate voltage as is demonstrated in Fig. 8 . They can occur in the form of zero bias maxima or minima dependent on the postion of the excitation energies relative to the electrochemical potentials of the reservoirs. Due to the enormous variety of possible arrangements of island systems and the experimental progress in realizing such devices, we expect that future research will reveal many more motivations for studying quantum uctuations induced by strong coupling between mesoscopic systems and particle reservoirs.
